In this paper we look at the question of when an inclusion of reflexive polytopes determines a torically-defined extremal transition between smooth Calabi-Yau hypersurface families. We show this is always possible in dimensions two and three. However, in dimension four and higher, obstructions can occur. This leads to a smooth projective family of Calabi-Yau threefolds that is birational to one of Batyrev's hypersurface families, but topologically distinct from all such families.
Introduction
A well-known idea in the study of Calabi-Yau varieties is the use of nested reflexive polytopes to connect the moduli spaces of two Calabi-Yau families. By Batyrev's construction in [2] , any reflexive polytope ∆ 1 determines a family of Calabi-Yau hypersurfaces in a resolution of the associated toric variety X(∆ 1 ), obtained from the fan of cones over proper faces of ∆ 1 . These hypersurfaces are defined by generic sections of the anticanonical bundle of the ambient toric variety, which has a basis of monomial global sections in bijection with lattice points in the dual polytope ∆ * 1 . Suppose that ∆ 1 is contained in a larger reflexive polytope ∆ 2 . Then we have a reverse inclusion ∆ tive spaces can be connected by extremal transitions. An extremal or geometric transition is a transition from one nonsingular Calabi-Yau variety X to another Calabi-Yau variety Y , in which X degenerates to a singular variety X 0 , and Y is obtained as a resolution of singularities of X 0 . This includes the more familiar case of conifold transitions, where X 0 has isolated ordinary double points as singularities and Y is a small resolution of X 0 . For more on the subject of extremal transitions, see the papers [10] and [11] .
After Batyrev introduced his reflexive polytope construction, Kreuzer and Skarke classified all possible reflexive polytopes in four dimensions up to lattice equivalence (473,800,776, as it turns out!) in [8] . As a byproduct of their classification, they were able to show that any pair of these reflexive polytopes can be connected by a chain of inclusions, thus showing that the moduli spaces are also connected in this class of Calabi-Yau threefolds.
The main purpose of this paper is to examine when an inclusion of reflexive polytopes ∆ 1 ⊆ ∆ 2 leads to a torically defined geometric transition between associated Calabi-Yau families X (∆ 1 ) and X (∆ 2 ). The toric varieties X(∆ i ) are defined by fans Σ(∆ i ) which are given by taking cones over the proper faces of ∆ i , and the families X (∆ i ) exist in MPCP (maximal projective crepant partial, as defined in [2] ) resolutions X(∆ i ) of X(∆ i ) associated to fans Σ(∆ i ) which are subdivisions of the original fans Σ(∆ i ).
By letting coefficients on the appropriate monomials go to zero, it is always possible to degenerate the family X (∆ 1 ) to a singular family X 0 (∆ 1 ) which is birational to X (∆ 2 ). However, the question of whether the singular family can be torically resolved to X (∆ 2 ) depends on whether there exists a toric morphism X(∆ 2 ) → X(∆ 1 ). This is the same as asking whether MPCP subdivisions of Σ(∆ i ) exist such that Σ(∆ 2 ) is a subdivision of Σ(∆ 1 ). This is a nontrivial convex geometry problem that does not always have a solution.
In the two-dimensional case, only one MPCP subdivision of a given reflexive polytope is possible, and it is relatively easy to show that the MPCP resolutions of nested two-dimensional reflexive polytopes ∆ 1 ⊆ ∆ 2 will always be compatible with each other. In three dimensions, we show that any MPCP subdivision Σ(∆ 1 ) can be refined to an MPCP subdivision Σ(∆ 2 ). In four dimensions there are cases where X(∆ 1 ) and X(∆ 2 ) are already smooth (so smooth hypersurface families exist in both X(∆ i ) and no resolution is needed) but the toric morphism X(∆ 2 ) → X(∆ 1 ) fails to exist. We will see that this counterexample leads to a smooth projective Calabi-Yau family which is birational to one of Batyrev's hypersurface families, but topologi-cally distinct from all such families.
Basic definitions and notation
The notion of a reflexive polytope was originally introduced by Batyrev in his paper [2] . Suppose we have a lattice N ∼ = Z n for some n. We can consider the corresponding real vector space N R = N ⊗ R, the dual lattice M = Hom(N, Z), and the dual vector space M R = M ⊗ R. A reflexive polytope ∆ ⊆ N R is a lattice polytope with the origin in its interior, such that the dual polytope ∆ * ⊆ M R is also a lattice polytope. The dual polytope is defined as
where , is the natural real-valued pairing between M R and N R . Any reflexive polytope will have the origin as its only interior lattice point, but in dimensions three and higher there are examples of lattice polytopes with this property that are not reflexive. By "cone over" a subset S of a real vector space, we will always mean the set R ≥0 S = {rs | r ∈ R, r ≥ 0, s ∈ S}. Given a reflexive polytope ∆ (or any lattice polytope with the origin in its interior), we can consider the toric variety X(∆) associated to ∆. This is defined as the toric variety associated to the fan Σ(∆) which has cones consisting of cones over proper faces of ∆. As long as ∆ is reflexive, X(∆) will have at most Gorenstein singularities, and the Newton polytope of global sections of its anticanonical bundle is just the dual polytope ∆ * . If Σ is a complete fan, then any integral piecewise linear function ϕ : Σ → R determines a line bundle L on X(Σ). As a vector space over C, global sections of L have a basis consisting of lattice points in the Newton polytope of ϕ, defined as
Note that the convention for ϕ we use is the opposite of some sources such as [4] . They would use −ϕ to obtain the same bundle L. Thus, for instance, we associate ample line bundles with strictly lower convex functions ϕ on Σ, where lower convex means that for any a, b ∈ [0, 1] with a + b = 1 and
Let ∆ ⊆ N R be a reflexive polytope. A subdivision Σ(∆) of the fan Σ(∆) is called an MPCP subdivision if it is projective, the maximal cones of Σ(∆) are cones over elementary simplices (simplices containing no lattice points except their vertices), and the primitive integral generators of all rays in Σ(∆) are lattice points in the boundary of ∆. The main purpose of MPCP subdivisions in [2] is to resolve families of Calabi-Yau hypersurfaces. If ∆ is dimension four or less, then an MPCP resolution of X(∆) will resolve all generic members of the family X (∆) ⊆ X(∆) to smooth Calabi-Yau hypersurfaces.
MPCP subdivisions of reflexive polytopes always exist. However, they are in general not unique, unless ∆ is two-dimensional.
Two dimensional case
If ∆ ⊆ R 2 is a two-dimensional reflexive polytope, then there is exactly one MPCP subdivision Σ(∆) of the fan Σ(∆). This is the fan whose maximal cones are cones over line segments L = Conv(v 1 , v 2 ), where v 1 and v 2 are adjacent lattice points in an edge of ∆.
Proof. If F 1 and F 2 are any complete two-dimensional fans, then F 2 is a refinement of F 1 if and only if every ray of F 1 is also a ray of F 2 . Since the rays of Σ i in this case are the rays over nonzero lattice points in ∆ i , the statement follows immediately from the fact that ∆ 1 ⊆ ∆ 2 .
For an illustration of a possible case, see Figure 1 .
Three dimensional case
In three dimensions, reflexive polytopes can have many possible MPCP subdivisons. We will prove that, given an inclusion ∆ 1 ⊆ ∆ 2 of three dimensional reflexive polytopes and any choice of MPCP subdivision Σ(∆ 1 ) of Σ(∆ 1 ), it is possible find an MPCP subdivision Σ(∆ 2 ) which is a refinement of Σ(∆ 1 ). Proposition 2.1. Let ∆ be a three-dimensional reflexive polytope, let C 2 ∈ Σ(∆) be the cone over an edge E of ∆, and let C 1 be a two-dimensional cone of the form
where v i are lattice points in ∆. Then if C 1 ∩ C 2 is one-dimensional, it must be the ray over a lattice point in ∆.
Proof. The edge E of ∆ can be written uniquely as the intersection of two two-dimensional faces of ∆, f 1 and f 2 . Let m 1 and m 2 be the vertices of ∆ * dual to f 1 and f 2 , so that m 1 , f 1 = −1 and m 2 , f 2 = −1. We can assume that C 1 ∩ C 2 intersects the relative interior of both cones C i , since otherwise the intersection would have to be a boundary ray of one of the cones, which by definition is a ray over a lattice point in ∆. Claim. Let A be the 2 × 2 integer matrix defined by a ij = m i , v j . Then if C 1 ∩ C 2 is one-dimensional and intersects the relative interior of both C 1 and C 2 , A must have the form
with one of a or b equal to zero and the other greater than or equal to zero.
Proof. First we establish the existence and position of the negative ones in the matrix. Suppose there was a row of A that did not contain a −1. Then for either i = 1 or 2, m i , v 1 ≥ 0 and m i , v 2 ≥ 0. This implies that m i , c ≥ 0 for every c ∈ C 1 . Since m 1 and m 2 must both evaluate negatively on every nonzero element of C 2 , this means C 1 ∩ C 2 must be the zero vector and is not one-dimensional. Now suppose there was a column that did not contain a −1. Then one of the v j is such that m 1 , v j and m 2 , v j are both at least zero. For C 1 to intersect C 2 nontrivially, the other primitive integral generator v i must then be such that both m 1 , v i = m 2 , v i = −1. But this implies that v i ∈ C 2 , so the intersection of the two cones must be the ray over v i , which does not intersect the relative interior of both.
To prove the statement about a and b, suppose that at least one of a or b was equal to −1. Then we would have a column with two negative ones, or a v i with m 1 , v i = m 2 , v i = −1, which as in the previous paragraph implies that C 1 ∩ C 2 is the ray over v i . So we must show that not both a and b are positive. Let u be a nonzero vector contained in the ray C 1 ∩ C 2 . We have u = c 1 v 1 + c 2 v 2 with c 1 , c 2 > 0 and unique.
Suppose that c 2 ≥ c 1 and the matrix has the first form, so that a is the (1, 2) entry. Then m 1 , u = c 1 m 1 , v 1 + c 2 m 1 , v 2 = −c 1 + ac 2 , but if a is positive then a ≥ 1 and −c 1 + ac 2 ≥ 0, contradicting that u ∈ C 2 . Therefore c 2 ≥ c 1 implies a = 0. If c 1 ≥ c 2 , then a similar argument with m 2 in place of m 1 works to show that b must be zero. Thus in all cases, at least one of a or b must equal zero.
If the matrix has the second form, so that a is the (1, 1) entry, it can be transformed into the first form by relabeling v 1 → v 2 and v 2 → v 1 , and the above argument can still be used. Now we will assume (again, possibly by relabeling v 1 and v 2 ) that
Suppose that a = 0. Then the lattice point q = v 1 + (b + 1)v 2 will have m 1 , q = −1, and m 2 , q = −1. This means that q is the primitive integral generator of C 1 ∩C 2 , and also that q ∈ f 1 , because f 1 consists of the points in ∆ on which m 1 and m 2 evaluate to −1. Thus the primitive integral generator of C 1 ∩ C 2 lies in ∆ 2 and we are done. The other possible case is b = 0. Then we would use the lattice vector q = (a + 1)v 1 + v 2 and repeat the same argument.
Remark 2.2. The reflexive assumption is essential for Proposition 2.1 to be true, even if ∆ is a lattice polytope with only the origin in its interior. For a counterexample, consider the polytope ∆ with nine total vertices (±1, ±1, −1), (1, 1, 1), (−1, 1, 0), (−1, 0, 1), (1, −1, 1), and (−1, 1, 1). This polytope can be thought of as a cube with one corner cut off, and is nonreflexive because the face
produces a non-Gorenstein singularity. If we let C 2 be the cone over the edge Conv((1, 1, 1), (−1, 1, 0)), and C 1 be the cone over the line segment Conv((0, 1, 0), (0, 0, 1)), then C 1 and C 2 meet the conditions of Proposition 2.1, but their intersection is the ray over the lattice point (0, 2, 1), which is not contained in ∆.
Now we can prove:
Theorem 2.3. Suppose that ∆ 1 ⊆ ∆ 2 are three-dimensional reflexive polytopes, and let Σ(∆ 1 ) be any MPCP subdivision of Σ(∆ 1 ). Then there exists
Proof. Let Σ int be the intersection fan whose cones consist of intersections of cones C i ∩ C j where C i ∈ Σ(∆ 1 ) and C j ∈ Σ(∆ 2 ). The rays of Σ(∆ 1 ) and Σ(∆ 2 ) consist only of rays over lattice points in ∆ 2 . Because the fans are three-dimensional, any new rays in Σ int must be of the form C 1 ∩ C 2 where C 2 ∈ Σ(∆ 2 ) is a two-dimensional cone and C 1 ∈ Σ(∆ 1 ) is another two-dimensional cone, and C 1 ∩ C 2 intersects the relative interior of both C i . We can now apply Proposition 2.1 with ∆ = ∆ 2 to conclude that the primitive integral generator of C 1 ∩ C 2 must be a lattice point in ∆ 2 . This means that Σ int must be a partial crepant subdivision of the fan Σ(∆ 2 ), since all its rays are rays over lattice points in ∆ 2 . It may not be maximal, i.e., it may have rays over only some of the lattice points in ∆ 2 as its one-dimensional cones, but using the method of [6] , we may refine Σ int to a MPCP resolution Σ(∆ 2 ). Since Σ int is a subdivision of Σ(∆ 1 ), Σ(∆ 2 ) will be as well.
Four and higher dimensions
The following generic smoothness lemma will be needed later on.
Lemma 3.1. Let a 0 , . . . , a r ∈ C, and let
where z m i for 1 ≤ i ≤ r are nonconstant Laurent monomials. Then for generic values of a 0 , . . . , a r , the affine variety
be the hypersurface defined by
and let
be the projection. The fibers of π| Z are the varieties V (a 0 , . . . , a r ) for all possible values of a 0 , . . . , a r . The hypersurface Z is nonsingular, because the partial derivative of the defining equation for Z with respect to a 0 is 1 and so its gradient is nowhere vanishing. Applying Sard's theorem, the set of critical values of π| Z has measure zero, and we conclude that the inverse images of π| Z are nonsingular except for a set of values of a 0 , . . . , a r with measure zero.
In higher dimensions, a result like Theorem 2.3 is not possible. We will give an example of four dimensional reflexive polytopes ∆ 1 ⊆ ∆ 2 where the toric varieties X(∆ 1 ) and X(∆ 2 ) are already smooth (so no resolution is needed to produce a smooth CY family) but the intersection fan Σ int of Σ(∆ 1 ) and Σ(∆ 2 ) contains rays not in Σ(∆ 1 ) or Σ(∆ 2 ). This leads to an interesting family of Calabi-Yau threefolds.
For the remainder of the paper, we will let ∆ 1 ⊆ ∆ 2 ⊆ R 4 be the nested four dimensional reflexive polytopes defined by 2 ) ∩ M equal to zero, we obtain a singular family X 0 (∆ 1 ). We will show that generic members of the singular family have two isolated singularities at zero-dimensional toric strata of P 4 . Blowing up at these points results in a smooth family of Calabi-Yau threefolds.
Let P 4 bl be the toric variety obtained by blowing up P 4 at the zerodimensional toric strata corresponding to the cones over the maximal faces Thus, the fan for P 4 bl , Σ bl , is a subdivision of the fan Σ(∆ 1 ) given by adding rays over the points (1, 1, 1, 1) and (0, 0, 0, −1) . The piecewise linear function ϕ bl : M R → R on Σ bl corresponding to the anticanonical bundle L bl of P 4 bl is defined by ϕ bl (u) = 1 for each primitive integral generator u of a ray in Σ bl . The function ϕ bl is not convex, which can be seen by noting that ϕ bl ((1, 1, 1, 1 ) + (0, 0, 0 − 1)) = 3 ≥ ϕ bl (1, 1, 1, 1 
Thus, L bl is not ample or even semi-ample (generated by its global sections).
The primitive integral generators of rays in Σ bl are the same as those in Σ(∆ 2 ). We have another piecewise linear function ϕ 2 on Σ(∆ 2 ) which corresponds to the anticanonical bundle L 2 of X(∆ 2 ). Because ϕ bl ≥ ϕ 2 , ∆ * 2 = N ewt(ϕ 2 ) ⊆ N ewt(ϕ bl ), so all monomial global sections of L 2 , z m with m ∈ ∆ * 2 , can also be regarded as global sections of L bl . This means that the equation
where the c m ∈ C are generic coefficients and the LHS is regarded as a global section of L bl , defines a family X bl in P 4 bl which is birational to both X 0 (∆ 1 ) and X (∆ 2 ). Proposition 3.2. Generic members of the family X bl are smooth projective Calabi-Yau threefolds and isomorphic to the resolution of generic members of X 0 (∆ 1 ) given by blowing up at their two isolated singular points.
Proof. Lemma 3.1 can be applied to show that a generic member of X bl will be nonsingular everywhere except the zero-dimensional toric strata of P 4 corresponding to the cones over the sets This is because the vertices of ∆ * 2 are the columns of the matrix
For every maximal cone C ∈ Σ bl , except for the cones over F 1 and F 2 , there is a vertex m in the above list for which m, n = −1 for all primitive integral generators n of extremal rays of C. This means that in local coordinates for the open affine subvariety U C ⊆ P 4 bl corresponding to C, z m = 1, so the local defining equation of X bl ∩ U C has a leading constant term and the result of Lemma 3.1 applies.
For the two other cones C 1 , C 2 which are respectively cones over the sets F 1 and F 2 , the open affine subsets U C 1 and U C 2 are both isomorphic to C 4 . The same proof applies to C 1 and C 2 so we just look at the case of The fact that each smooth member of X bl is Calabi-Yau follows from the fact that it is defined by a global section of the anticanonical bundle L bl .
Lastly, the open subset of a member of X bl given by removing the exceptional divisors from P Since we have proven that generic members of X bl are smooth, this shows that generic members of X 0 (∆ 1 ) are smooth except possibly at these two points.
In local coordinates at these points, the homogeneous quintic defining X 0 (∆ 1 ) has the form p(x 1 , x 2 , x 3 , x 4 ) + · · · where p is a homogeneous cubic and the omitted terms are of higher degree. This results in a singularity where x 1 = x 2 = x 3 = x 4 = 0, so members of X 0 (∆ 1 ) have singularities at both of these zero dimensional strata. Blowing up at these points resolves generic members of X 0 (∆ 1 ) to smooth members of X bl .
For the remainder of the paper, we will analyze the topology of members of X bl . Because this family is birational to the family X (∆ 2 ), the result of [3] tells us that members of these families have the same Betti numbers. Thus, to prove they are topologically distinct, we need a finer invariant. We will approach the problem by calculating the trilinear form induced by cup product on H 2 (Y, Q), where Y is the Calabi-Yau manifold of interest. In the case of both X bl and X (∆ 2 ), the even cohomology of the Calabi-Yaus is isomorphic to the image of the cohomology of the ambient toric variety. Thus, for instance, if i : Y → P 4 bl is inclusion of a member of X bl , the map i * :
is surjective for i even. Furthermore, the kernel of i * is the same as the kernel of the cup product map
Since the singular cohomology of a toric variety is well understood, this makes the computations straightforward, especially if aided with computer algebra software. We have the following theorem which characterizes rational cohomology of complete simplicial toric varieties ( [4] , Theorem 12.4.1): Theorem 3.3. Let X(Σ) be a complete simplicial toric variety and let ρ i for 1 ≤ i ≤ r be the rays of the fan Σ. Let u i be the primitive integral generator of ρ i and introduce a variable x i for each ρ i . In the ring Q[x 1 , . . . , x r ], let SR(Σ) be the Stanley-Reisner ideal
Let J ⊆ Q[x 1 , . . . , x r ] be the ideal generated by the linear forms
as m ranges over M (equivalently, over a Z-basis of M ). Then if each x i is assigned degree 2,
as graded rings. In particular, all odd rational cohomology is zero.
We will also need to use the existence of the Gysin homomorphism and its relation to cup products. Let i : Y → X be an inclusion of an irreducible compact complex subvariety Y into a smooth compact complex variety X. Then there is a map i ! : 
is equal to the kernel of the cup product map
The map i * is surjective onto even-dimensional cohomology of Y .
Proof. The fact that the kernel of i * must be contained in the kernel of ∪[Y ] follows automatically from the fact that ∪[Y ] = i ! • i * . Thus, we can prove that the two kernels are equal, and that the map is surjective, by showing that
for i = 2, 4, 6. The even Betti numbers of Y can be deduced from the result of Batyrev in [3] . Since Y is birational to a member of the family X (∆ 2 ), it has the same Betti numbers. These can be calculated with the formulas in [2] , yielding that dim H 2 (Y, Q) = 3. (Of course, this can also be established by more elementary topological methods without relying on the result of [3] , although the Lefschetz theorem does not directly apply because Y is not an ample divisor of P With the description of H * (P 4 bl , Q) given by Theorem 3.3, the kernel of ∪[Y ] is easily calculated, especially with the aid of computer algebra software such as Macaulay2 [7] , verifying that it has the expected dimension. The calculations are summarized in Table 1 .
Quotienting H * (P Exactly the same process can be carried out for the family X (∆ 2 ) ⊆ X(∆ 2 ) which is birational to X bl . These calculations are summarized in Table 2 . Because members of X (∆ 2 ) are ample divisors of X(∆ 2 ), the fact that
) is isomorphic to even cohomology of Y was already established by Mavlyutov in [9] (Theorem 5.1). In fact, the result in [9] only requires that Y be a semi-ample divisor. Of course, a direct dimension count to verify the statement in this specific case is also possible.
If members of X bl and X (∆ 2 ) were homeomorphic, then the polynomials t bl (A, B, C) and t 2 (A, B, C) would be related by at most an invertible Qlinear transformation of A, B, C and multiplication by a rational number. To simplify this problem, we instead look at the Milnor rings associated to t bl and t 2 . The Milnor ring associated to a rational polynomial p(A, B, C) is defined as
where D(p) is the Jacobian ideal generated by the partial derivatives p A , p B , p C . If p is homogeneous, then its Milnor ring is naturally graded. If p 1 and p 2 are two polynomials related by a linear change of variables in A, B, C, so
for some rational linear L i , then the mapping from Q[A, B, C] to itself defined by
will map D(p 2 ) to D(p 1 ) bijectively, as can be seen from the multivariable chain rule. Thus the Milnor rings M (p 1 ) and M (p 2 ) will be graded isomorphic.
Calculation of the Milnor rings M (t bl ) and M (t 2 ) shows that they are graded algebras of finite dimension over Q, with graded dimension (1, 3, 3, 1) . We can define a new trilinear form from the Milnor ring by picking a generator q of the degree 3 (highest) part of the algebra, and setting (aA + bB + cC) 3 = T (a, b, c)q where a, b, c ∈ Q and T is a homogeneous polynomial of degree 3. We compute
According to Macaulay2, the polynomial T 2 (a, b, c) is irreducible over Q. Since T bl is not, this is enough to show that members of the two Calabi-Yau families cannot be homeomorphic. The simple form of the polynomial T bl can be attributed to the fact that if 
Other hypersurface families
With a little more work, we can actually show that the family X bl is topologically distinct from all other smooth Batyrev hypersurface families. We do this both to show that we have a potentially new topological type of CalabiYau threefold, as well as to show the utility of calculating the trilinear form and its Milnor ring in analyzing the topology of Calabi-Yau threefolds. Because the family X bl is birational to the family X (∆ 2 ), the Hodge numbers are the same by the result of [3] . Using the standard formulas in [2] , we find that h 1,1 = 3 and h 1,2 = 79 for the family X (∆ 2 ). Utilizing the database of Kreuzer and Skarke [8] , there are a total of four reflexive polytopes associated to smooth Calabi-Yau families with the same Hodge numbers. One of these is ∆ 2 . Data about the other families is summarized in Tables 3-6 . Thankfully, for all three of these additional polytopes, the configuration of lattice points is such that the number of possible MPCP subdivisions is low. X(∆ 4 ) is already smooth, while X(∆ 3 ) has a unique MPCP resolution X(∆ 3 ) obtained by adding the ray over u 7 , and X(∆ 5 ) has two possible MPCP resolutions X 1 (∆ 5 ) and X 2 (∆ 5 ) given by choosing different diagonals of the square Conv(u 1 , u 5 , u 6 , u 7 ).
For each of these additional Calabi-Yau families we see that the Milnor ring of the trilinear form is either infinite dimensional or of graded dimension (1, 3, 3, 1) (over Q). For the finite dimensional rings, calculation of the trilinear form on the Milnor ring gives a polynomial which has at most two irreducible factors over Q. Because the trilinear form on the Milnor ring for X bl factors completely into linear factors, it must be topologically distinct. 
